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We present theoretical predictions for electron scattering on the N = 14, 20, and 28 isotonic chains
from proton-deficient to proton-rich nuclei. The calculations are performed within the framework
of the distorted-wave Born approximation and the proton and neutron density distributions are
evaluated adopting a Relativistic Hartree-Bogoliubov (RHB) approach with a density dependent
meson-exchange interaction. We present results for the elastic and quasi-elastic cross sections and
for the parity-violating asymmetry parameter. Owing to the correlations between the evolution of
the electric charge form factors along each chain with the underlying proton shell structure of the
isotones, elastic electron scattering experiments on isotones can provide useful informations about
the occupation and filling of the single-particle levels of protons.
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2I. INTRODUCTION
The study of nuclear properties has gained large and detailed information from reactions investigating the nuclear
response to external probes [1–5]. Electron induced reactions are particularly well suited to explore such properties,
as the predominant electromagnetic interaction of electrons with nuclei is well known and relatively weak. Electrons
are able to penetrate nuclear matter deeply and without a large perturbation of the structure, being their mean free
path in nuclei much larger than the nuclear dimensions. Moreover, as the energy ω and the momentum q transferred
to the nucleus can be varied independently, the obtained spectral function can be mapped with a resolution that is
adjusted to the scale of the process that is considered. A lot of experimental and theoretical work on elastic and
inelastic electron scattering at different energies has provided detailed information on the charge density distribution
of the nuclear ground state and on the energy, strength, and quantum numbers of the excited states produced by
single particle (s.p.) or collective excitation mechanisms [2, 6–8].
At a transferred energy of about ω = q2/(2mN), wheremN is the nucleon mass, the quasi-elastic (QE) peak appears.
In this kinematic region the probe interacts essentially with one single nucleon which is then ejected and all the other
nucleons behave as spectators. If only the scattered electron is detected, we have the inclusive reaction where all final
nuclear states are included. A considerable number of data have been collected in the QE region [5, 9, 10], concerning
not only the differential cross sections but also the separation of longitudinal and transverse response functions.
When also an emitted proton is detected in coincidence with the outgoing electron and the residual nucleus is
left in a discrete eigenstate we have an exclusive reaction. A large number of coincidence (e, e′p) experiments have
been performed, which have confirmed the assumption of a direct knockout mechanism and have provided detailed
information on the s.p. properties of light-to-heavy nuclei [4, 9, 11–17]. In particular, the s.p. energies and the
quantum numbers of the emitted nucleon inside the nucleus have been determined, directly relating to shell model
properties. Moreover, the comparison between experimental data and theoretical calculations made it possible to
extract spectroscopic factors, which revealed a partial occupation of the different shells and therefore the importance
of nuclear correlations and the limits of a mean-field description of nuclear structure.
The use of electron scattering can be extended to the study of exotic nuclei far from stability line. The evolution
of nuclear properties with the increasing asymmetry between the number of protons and neutrons is one of the most
interesting topics of nuclear physics. Of particular interest is the behavior of the s.p. properties, with a consequent
modification of the shell model magic numbers. The exclusive (e, e′p) reaction would be the best suited tool for this
study [18, 19]. However, the measurement of (e, e′p) cross sections requires a double coincidence detection which is
very difficult. Experiments for elastic scattering, and possibly inclusive QE scattering, appear easier to perform and
are therefore to be considered as a first step.
In the next years radioactive ion beam (RIB) facilities [20–22] will produce a large amount of data on unstable
nuclei. In particular, electron-RIB colliders using storage rings are under construction at RIKEN (Japan) [23–25] and
GSI (Germany) [26]. Proposals have been presented for the ELISe experiment at FAIR in Germany [27–29] and the
SCRIPT project in Japan [30, 31].
From the theoretical point of view, several studies of electron scattering on unstable nuclei have already been
published [18, 19, 32–47]. In a recent paper [48] we have presented and discussed numerical predictions for elastic and
inclusive QE electron scattering on oxygen and calcium isotopic chains, with the aim of investigating the evolution of
some nuclear properties with increasing asymmetry between the number of neutrons and protons. The elastic electron
scattering gives information on the global properties of a nucleus and, in particular, on the charge density distributions
and on the properties of proton wave functions. The inclusive QE scattering is the integral of the spectral density
function over all the available final states. As such, it is affected by the dynamical properties and preferably exploits
the nuclear s.p. aspects.
It is much more difficult to measure neutron density distributions. Direct access to the neutron distribution can
be obtained from the parity-violating asymmetry parameter Apv, which is defined as the difference between the cross
sections for the scattering of right- and left-handed longitudinally polarized electrons [49–51]. This quantity is related
to the radius of the neutron distribution Rn, because Z
0-boson exchange, which mediates the weak neutral interaction,
couples mainly to neutrons and gives a model-independent measurement of Rn.
The first measurement of Apv was performed by the PREX experiment [52, 53] on
208Pb with a poor resolution.
More stringent results are expected from an improved experiment (PREX-II [54]) which has been recently approved.
A recent result for the neutron skin on 208Pb has been extracted from coherent pion photoproduction cross sections
measured at MAMI Mainz electron microtron [55]. These data, combined with the results of the CREX experiment
on 48Ca [56], which has also been conditionally approved, will provide an important test on the validity of microscopic
models concerning the dependence of Rn on the mass number A and the properties of the neutron skin.
In [48] we have compared our calculations for the asymmetry parameter Apv with the result of the first PREX
experiment on 208Pb and have obtained a good agreement with the empirical value. Moreover, we have provided
numerical predictions for the future experiment CREX on 48Ca and we have studied the behavior of Apv along oxygen
3and calcium isotonic chains.
In this work we extend our study to isotonic chains. We present and discuss numerical predictions for the cross
sections of elastic and inclusive QE electron scattering and for the parity-violating asymmetry parameter Apv on the
N = 14, 20, and 28 isotonic chains. This is complementary to our previous study on isotopic chains of [48]. Electron
scattering on an isotopic chain gives information on the dependence of the charge density distribution and of the
proton wave functions on the neutron number. In an isotonic chain we can investigate the behavior of the charge
distribution and of the proton s.p. states when a new proton is added to the nucleus. Nuclei with both neutron and
proton excess are considered in our study. Our choice of the isotonic chains is motivated by the fact that data for
light nuclei, such as those with N = 14, are likely to be obtained in future electron scattering facilities such as SCRIT
and ELISe; the N = 20, and 28 isotonic chains correspond to nuclei with an intermediate mass and a magic number
of neutrons. Medium-size nuclei are very interesting to study the details of nuclear forces. In particular, semi-magic
N = 20 and 28 isotones are composed by a moderately large number of nucleons with orbits clearly separated from the
neighboring ones, so that smooth but continuous modifications in nuclear shapes can be observed when protons are
added or removed. Therefore, the peculiar features of nuclear forces between nucleons moving in orbits with specific
quantum numbers are much easier to disentangle in medium than in heavy nuclei, where the modification of shell
structures occurs only when many nucleons are involved. A recent review of the evolution of the N = 28 shell closure
far from stability can be found in [57].
The basic ingredients of the calculations for both elastic and QE scattering are the ground state wave functions
of proton and neutron s.p. states. Models based on the relativistic mean-field (RMF) approximation have been suc-
cessfully applied in analyses of nuclear structure from light to superheavy nuclei. RMF models are phenomenological
because the parameters of their effective Lagrangian are adjusted to reproduce the nuclear matter equation of state
and a set of global properties of spherical closed-shell nuclei [58–61]. In recent years effective hadron field theories
with additional non-linear terms and density-dependent coupling constants adjusted to Dirac-Brueckner self-energies
in nuclear matter have been able to obtain a satisfactory nuclear matter equation of state and to reproduce the
empirical bulk properties of finite nuclei [62]. To obtain a proper description of open-shell nuclei a unified and self-
consistent treatment of mean-field and pairing correlations is necessary. The relativistic Hartree-Bogoliubov (RHB)
model provides a unified treatment of the nuclear mean-field and pairing correlations, which is crucial for an accurate
description of the properties of the ground and excited states in weakly bound nuclei, and has been successfully
employed in the analyses of exotic nuclei far from the valley of stability. For most nuclei here considered, however,
pairing effects are negligible or small and the RHB model gives wave functions practically equivalent to the ones that
can be obtained with the relativistic Dirac-Hartree model used in [48].
The cross sections for elastic electron scattering are obtained solving the partial wave Dirac equation and include
Coulomb distortion effects. For the inclusive QE electron scattering calculations are performed with the relativistic
Green’s function (RGF) model, which has already been widely and successfully applied to the analysis of QE electron
and neutrino-nucleus scattering data on different nuclei [63–70].
The paper is organized as follows. In Sec. II we give the main ingredients of the relativistic model for the calculation
of the ground state observables. In Sec. III we outline the main features of the elastic electron scattering, including
the definition of the parity-violating asymmetry. The results for elastic electron scattering on the N = 28, 20, and 14
isotonic chains are presented and discussed in Sec. IV. In Sec. V we present the inclusive QE scattering and show
and discuss the corresponding numerical results. Some conclusions are drawn in Sec. VI.
II. RELATIVISTIC MODEL FOR GROUND STATE OBSERVABLES
The RHB model [62] represents the most sophisticated method to include particle-hole (ph) and particle-particle
(pp) interactions in a mean-field approximation. In this framework, the ground state of a nucleus |Φ0〉 is represented by
the product of independent single-quasiparticle states that are eigenvectors of a Hamiltonian containing two average
potentials: a self-consistent mean-field hˆ, which encloses all the long range ph correlations, and a pairing field ∆ˆ, which
includes pp correlations. For the ph part we use a finite range model in which the nuclear interaction is mediated
by meson exchange [58]. This effective interaction is characterized by meson masses and density dependent coupling
constants. Even if recently there have been some improvements [71, 72] towards an ab-initio derivation, the most
successful parametrizations are purely phenomenological with parameters adjusted to reproduce the nuclear matter
equation of state and a set of bulk properties of closed-shell nuclei (we employed a DDME1 parameterization [73]). On
the other hand, pairing correlations are described by the corresponding pp-part of the finite range Gogny interaction
[74, 75]. The pairing interaction is treated at a non relativistic level, as discussed in [76].
4The relativistic Hartree-Bogoliubov equations can be written as follows
(
hˆ−m− λ ∆ˆ
−∆ˆ∗ −hˆ+m+ λ
)(
U(r)
V (r)
)
= E
(
U(r)
V (r)
)
, (1)
where m is the nucleon mass and λ is the chemical potential determined by the particle number condition. The
column vectors denote the quasiparticle wave functions and E are the quasiparticle energies. The RHB equations are
solved self-consistently, together with the Klein-Gordon equations for the meson fields and the Poisson equation for
the photon field. The relevant density for electron scattering calculations is defined as follows
ρp(r) =
∑
Ek>0
V †k
1− τ3
2
Vk . (2)
We refer the reader to [62] for more details.
III. ELASTIC ELECTRON SCATTERING
The differential cross section for the elastic scattering of an electron, with momentum transfer q, off a spherical
spin-zero nucleus is given in the plane-wave Born approximation (PWBA) by(
dσ
dΩ′
)
EL
= σM |Fp(q)|2 , (3)
where Ω′ is the scattered electron solid angle, σM is the Mott cross section [4, 9] and
Fp(q) =
∫
dr 0(qr)ρp(r) (4)
is the charge form factor for a spherical nuclear charge density ρp(r) and 0 is the zeroth order spherical Bessel
function.
In the case of medium and heavy nuclei the distortion produced on the electron wave functions by the nuclear
Coulomb potential from ρp(r) cannot be neglected and the elastic cross sections are obtained in the distorted-wave
Born approximation (DWBA) from the numerical solution of the partial wave Dirac equation.
Our DWBA results are compared with the experimental differential cross sections for elastic electron scattering on
four calcium isotopes (40,42,44,48Ca) at an electron energy ε = 250 MeV in Fig. 1 and on 50,52,54Cr at ε = 200 MeV
and 48Ti at ε = 250 MeV in Fig. 2. The DWBA calculations are able to reproduce the general trend of the data and
give a good description of the experimental cross sections considered, except for small discrepancies at large scattering
angles.
Another interesting quantity that can be measured in elastic electron scattering is the parity-violating asymmetry,
which is defined as the difference between the cross sections for the elastic scattering of electrons longitudinally
polarized parallel and antiparallel to their momentum. This difference arises from the interference between photon
and Z0 exchange and represents an almost direct measurement of the Fourier transform of the neutron density
[49, 79]. In fact, in Born approximation, neglecting strangeness contributions and the electric neutron form factor,
the parity-violating asymmetry can be expressed as [80, 81]
Apv =
GF q
2
4
√
2 πα
[
4 sin2ΘW − 1 + Fn(q)
Fp(q)
]
, (5)
where GF ≃ 1.16639 × 10−11 MeV−2 is the Fermi constant and sin2ΘW ≃ 0.23 is the Weinberg angle. Since
4 sin2ΘW − 1 is small and the proton form factor Fp(q) is known, we see that Apv provides a practical method to
measure the neutron form factor Fn(q) and hence the neutron radius. For these reasons parity-violating electron
scattering (PVES) has been suggested as a clean and powerful tool for measuring the spatial distribution of neutrons
in nuclei.
The first measurement of Apv in the elastic scattering of polarized electrons from
208Pb has been performed in Hall
A at the Jefferson Lab (experiment PREX) [52, 53]. Another experiment with improved electronics (PREX-II) [54]
has been recently approved. In addition, the experiment CREX [56], with the goal of measuring the neutron skin of
48Ca, has also been conditionally approved.
Our DWBA results are in good agreement with the parameter Apv measured by the first experiment PREX. The
comparison can be found in [48], where our numerical predictions for the experiment CREX are also given.
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Figure 1. (Color online) Differential cross sections for elastic electron scattering on calcium isotopes at an electron energy
ε = 250 MeV as functions of the scattering angle θ. Experimental data from [77].
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Figure 2. (Color online) Differential cross sections for elastic electron scattering on 50,52,54Cr at ε = 200 MeV and 48Ti at
ε = 250 MeV as functions of θ. Experimental data from [77] (48Ti) and [78] (50,52,54Cr).
IV. RESULTS FOR ELASTIC ELECTRON SCATTERING ON THE N = 28, 20 AND 14 ISOTONIC
CHAINS
In this Section we present our results for the evolution of some well-established observables in elastic electron
scattering on the N = 28, 20 and 14 isotonic chains. Many of these nuclei lie in the region of the nuclear chart that is
likely to be explored in future electron-scattering experiments. We first consider N = 28, then we extend our analysis
to N = 20 and 14.
A. Results for N = 28
In panel (a) of Fig. 3 we plot the proton density distributions ρp as functions of the radial coordinate r along
the N = 28 isotonic chain. These density distributions are obtained summing the squared moduli of the s.p. wave-
functions described in Section II. All the nuclei that we consider result to be bound but, experimentally, there are
proton-deficient nuclei (from 40Mg to 46Ar), stable nuclei (from 48Ca to 54Fe) and one proton-rich nucleus (56Ni).
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Figure 3. (Color online) Panel (a): proton distributions along the N = 28 isotonic chain. Panel (b): differential cross sections
for elastic electron scattering at ε = 850 MeV as functions of θ. Panel (c): evolution of the first minimum of the differential
cross section with the scattering angle θ.
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Figure 4. (Color online) Panel (a): neutron distributions along the N = 28 isotonic chain. Panel (b): parity-violating
asymmetry parameters Apv for elastic electron scattering at ε = 850 MeV as functions of the scattering angle θ.
The most significant effect of adding protons is to populate and extend the proton densities.
The differences of the proton density profiles in the nuclear interior display pronounced shell effects; the most
relevant proton s.p. levels in our analysis of the N = 28 chain are the 2s1/2 and the 1f7/2. In the case of the heavier
nuclei, starting from 48Ca up to 56Ni, we obtain similar results for ρp in the central region whereas the differences at
large r can be ascribed to the filling of the 1f7/2 shell which starts from
50Ti.
The proton density of the proton-deficient 46Ar nucleus also gets a non negligible contribution from the 2s1/2 shell,
which has an occupation number of 0.330, and, as a consequence, in the central region it is approximately 20% larger
than those of lighter isotones. In our model the 42Si nucleus, with 14 protons, behaves like a magical nucleus and
its proton density does not get any contribution from neither the 2s1/2 nor the 1d3/2 shells which, on the contrary,
contribute to 40Mg and to 44S densities which are, therefore, larger in the central region. However, the experimental
evidence of a 2+1 state at 770± 19 keV [82], much smaller than for other nuclei in this chain, has been interpreted as
a signal of the disappearance of the N = 28 shell closure around 42Si and has suggested that proton-core excitations
and the tensor interactions cannot be neglected [57, 83].
In panel (b) of Fig. 3 we present the differential cross sections for elastic electron scattering at ε = 850 MeV
as functions of the scattering angle θ. These cross sections have been calculated in the DWBA and with the self-
consistent relativistic ground-state charge densities. Although Coulomb distortion is included in the calculations, the
elastic cross sections are still related to the behavior of the corresponding proton charge density as in Eq. 3.
With increasing proton number along the chain the positions of the diffraction minima usually shift toward smaller
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Figure 5. (Color online) The same as in Fig. 3 but for the N = 20 isotonic chain.
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Figure 6. (Color online) The same as in Fig. 4 but for the N = 20 isotonic chain.
scattering angles, i.e., smaller values of the momentum transfer q. The shift of the minima is also accompanied by a
simultaneous increase in the height of the corresponding maxima of the cross sections. The differential cross section
provides information on the proton density distribution and we can look for possible correlations between the cross
sections that can be directly related to the behavior of the proton distributions. In panel (c) of Fig. 3 we plot the
evolution of the position of the first minimum of the elastic cross sections for each isotone in the chain. There is an
evident transition between proton-poor and proton-rich isotones and it is not possible to fit the positions of the first
minima with a straight line. In addition, the minimum for 48Ca occurs at a larger scattering angle than for 46Ar.
However, it is still possible to draw a straight line that connects the minima for the lighter isotones up to 46Ar and
another line for the heavier isotones. The slope of the two lines are different. The isotones from 48Ca up to 56Ni have
similar proton densities at small r and present only small differences at large r, which are ascribed to the filling of
the 1f7/2 shell. In the case of the lighter isotones, we see that the
46Ar and 44S minima do not lie on the fitting lines.
This is related to the non-negligible contribution of the proton in the 2s1/2 shell, which has occupation number 0.330
for 46Ar and 0.153 for 44S. The densitiy of 40Mg gets some small contribution from the 2s1/2 and the 1d3/2 shells but
the minimum of its cross section is aligned with that of 42Si.
The evolution of the neutron density distribution along an isotonic chain is less significant than that of the proton
density distribution; generally, there is a decrease of the density in the nuclear interior and an extension toward large
r to preserve the normalization to the constant number of neutrons, as it can be seen in panel (a) of Fig. 4. The
cross sections for positive and negative helicity electron states at ε = 850 MeV have also been calculated and the
resulting parity-violating asymmetry parameter Apv is presented in panel (b) of Fig. 4 as a function of θ. In the case
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Figure 7. (Color online) The same as in Fig. 3 but for the N = 14 isotonic chain.
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Figure 8. (Color online) The same as in Fig. 4 but for the N = 14 isotonic chain.
of oxygen and calcium isotopic chains we found that the evolution of the positions of the first minima as functions of
the neutron excess is approximated by a linear fit [48]. In the case of the N = 28 isotones the position of the first
minima of Apv usually evolves toward smaller θ as the number of protons increases. However,
46Ar and 48Ca, as well
as 50Ti and 52Cr, seem to have almost coincident minima. The value of Apv at the minimum increases from
40Mg to
46Ar, then it decreases monotonically starting from 52Cr.
B. Results for N = 20
In panel (a) of Fig. 5 we present our results for the proton density distributions as functions of r along the N = 20
isotonic chain. In our model all these nuclei result to be bound but, along this chain, there are proton-deficient nuclei
(from 28O to 34Si), stable nuclei (36S, 38Ar, and 40Ca) and proton-rich nuclei (42Ti, 44Cr, and 46Fe). The densities of
the proton-rich isotones are significantly extended toward larger r with respect to those of the proton-deficient ones.
Also in this chain pronounced shell effects are visible in the nuclear interior. In particular, we find large differences
in the radial profiles of the proton density of 34Si and 36S; in our model the proton occupation number of the 2s1/2
shell of 36S is not negligible and, owing to the observation that the squared wave function of the 2s1/2 state has a
main peak at the center, the proton central density is enlarged. We obtain that also the proton occupation number
of the 1d3/2 state for
36S is significant; the corresponding peak of the squared wave function is away from the center
and, therefore, the filling of the 1d3/2 state by protons increases the density away from the center. In the case of
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the heavier nuclei, starting from 38Ar up to 46Fe, we obtain similar results for ρp in the central region, whereas the
differences at large r can be ascribed to the addition of protons that populate and extend the densities.
In panel (b) of Fig. 5 we present the DWBA differential cross sections for elastic electron scattering at ε = 850
MeV as functions of the scattering angle θ. With increasing proton number along the chain the positions of the
diffraction minima shift toward smaller scattering angles and, correspondingly, there is an increase in the height of
the corresponding maxima of the cross sections. In panel (c) of Fig. 5 we plot the evolution of the position of the first
minimum of the differential elastic cross section for each isotone in the chain. Owing to the large differences in the
radial profiles of the densities of 34Si and 36S, it is not possible to fit the position of the first minima with a straight
line. In addition, the minimum for 34Si occurs at the same scattering angle as for 36S. Also in this chain we can draw
a straight line that connects the minima for the lighter isotones up to 34Si and another line for the heavier isotones.
The slope of the two lines is different.
Recently, there has been a significant interest in looking for “bubble” nuclei, i.e., nuclear systems where the central
density is significantly reduced or vanishing with respect to the saturation density. Recent theoretical calculations,
including RMF parametrizations [84–86] and Skyrme energy density functional [39, 40, 87], predict a central depletion
of the charge density distributions for 34Si and for some Ar isotopes but, usually, 34Si is the only candidate for which
the studies agree. However, a nuclear “bubble” has never been experimentally observed. In [88] the existence of a
proton “bubble” structure in the low-lying excited 0+2 and 2
+
1 states of
34Si is found to be very unlikely, owing to
the results of a new RMF method which includes mixing of both particle-number and angular-momentum projected
quadrupole deformed states. In panel (a) of Fig. 5 large differences can be seen between the proton density of 34Si
and 36S. This result agrees with similar findings of other RMF models [84, 85]. In particular, as it is shown in panel
(c) of Fig. 5, the positions of the first minima of the elastic cross sections of 34Si and 36S do not fall on the same
straight line and this should provide a useful test that could be investigated at future electron scattering facilities.
In panel (a) of Fig. 6 we present the evolution of the neutron density distribution along the N = 20 isotonic chain.
For the heavier isotones we observe a decrease of the density in the nuclear interior and a corresponding enhancement
away from the center to preserve the normalization to the constant number of neutrons. In panel (b) of Fig. 6 we
present the parity-violating asymmetry parameter Apv as a function of θ evaluated at ε = 850 MeV. The neutron
densities of 28O and 30Ne are very similar and their corresponding Apv are almost coincident up to the first minimum.
Starting from 32Mg the minimum of Apv shifts toward smaller angles.
C. Results for N = 14
In panel (a) of Fig. 7 we present our results for the proton density distributions as functions of r along the N = 14
isotonic chain. The densities in the nuclear interior of proton-deficient isotones up to the stable nucleus 28Si are very
similar. For all these nuclei only the two protons in the 1s1/2 state contribute to the density at the center. Starting
from 30S also the protons in the 2s1/2 state contribute and there is an evident transition in the density profile. As
usual, the densities of the proton-rich isotones are significantly extended towards larger r with respect to those of the
proton-deficient ones.
The DWBA differential cross sections for elastic electron scattering at ε = 850 MeV as functions of θ are displayed
in panel (b) of Fig. 7. The positions of the diffraction minima shift toward smaller scattering angles as the proton
number increases and, in addition, there is an enhancement in the height of the corresponding maxima of the cross
sections. The evolution of the position of the first minimum of the differential cross section for each isotone in the
chain, which is shown in panel (c) of Fig. 7, can adequately be described by the two different straight lines drawn in
the figure, one connecting the minima of the lighter isotones up to 28Si and the other one connecting the minima of
the heavier isotones.
In panel (a) of Fig. 8 we present the evolution of the neutron density distribution along the N = 14 isotonic chain.
The profiles of proton-deficient and proton-rich isotones are very different, in particular in the nuclear interior, but
the normalization to the constant number of neutrons is always preserved. In panel (b) of Fig. 6 the parity-violating
asymmetry parameter Apv is presented as a function of θ. The neutron densities of
22O and 24Ne are very different
from those of the other isotones in the chain and, as a consequence, their corresponding Apv are very different. The
position of the first minimum shifts toward smaller angles and the value of Apv at the minimum increases from
22O
to 26Mg, then it decreases starting from 28Si.
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V. INCLUSIVE QUASI-ELASTIC ELECTRON SCATTERING
The inclusive differential cross section for the quasi-elastic (QE) (e, e′) scattering on a nucleus is obtained from the
contraction between the lepton and hadron tensors as [9](
dσ
dε′ dΩ′
)
QE
= σM [vLRL + vTRT ] , (6)
where ε′ is the energy of the scattered electron and the coefficients v come from the components of the lepton tensor
that, under the assumption of the plane-wave approximation for the electron wave functions, depend only on the
lepton kinematics [9]. All relevant nuclear structure information is contained in the longitudinal and transverse
response functions RL and RT . The response functions can be expressed in terms of suitable linear combinations
of the components of the hadron tensor, which are given by products of the matrix elements of the nuclear current
between initial and final nuclear states.
In the QE region the nuclear response is dominated by one-nucleon processes where the scattering occurs with only
one nucleon, which is subsequently emitted from the nucleus by a direct knockout mechanism, and the remaining
nucleons behave as spectators. Therefore, QE electron scattering can adequately be described in the relativistic
impulse approximation (RIA) by the sum of incoherent processes involving only one nucleon scattering and the
components of the hadron tensor are obtained from the sum, over all the s.p. shell-model states, of the squared
absolute value of the transition matrix elements of the single-nucleon current [9].
A reliable description of final-state interactions (FSI) between the emitted nucleon and the residual nucleus is a
crucial ingredient for the description of (e, e′) data. The relevance of final state interactions (FSI) has been clearly
stated for the exclusive (e, e′p) reaction, where the use of a complex optical potential (OP) in the distorted-wave
impulse approximation (DWIA) is required [4, 9, 15, 17, 18, 89–91]. The imaginary part of the OP produces an
absorption that reduces the cross section and accounts for the loss of part of the incident flux in the elastically
scattered beam to the inelastic channels which are open. In the inclusive scattering, where only the final lepton is
detected and the final nuclear state is not determined, all elastic and inelastic channels contribute, all final-state
channels should be retained and the flux, although redistributed among all possible channels, must be conserved.
In the relativistic plane-wave impulse approximation (RPWIA) FSI are simply neglected. In other approaches FSI
are included in relativistic DWIA (RDWIA) calculations where the final nucleon state is evaluated with real potentials.
In a different description of FSI relativistic Green’s function (RGF) techniques [48, 63–67, 92–96] are used.
In the RGF model, under suitable approximations, which are basically related to the IA, the components of the
nuclear response are written in terms of the single particle optical model Green’s function; its spectral representation,
that is based on a biorthogonal expansion in terms of a non-Hermitian optical potential H and of its Hermitian
conjugate H†, is then exploited to obtain the components of the hadron tensor [63, 64] in terms of matrix elements
of the same type as the DWIA ones of the exclusive (e, e′p) process, but involve eigenfunctions of both H and H†,
where the imaginary part has an opposite sign and gives in one case a loss and in the other case a gain of strength.
The RGF formalism allows us to reconstruct the flux lost into nonelastic channels in the case of the inclusive response
starting from the complex OP which describes elastic nucleon-nucleus scattering data and to include contributions
which are not included in other models based on the IA. Moreover, with the use of the same complex OP, it provides
a consistent treatment of FSI in the exclusive and in the inclusive scattering. Because of the analyticity properties of
the OP, the RGF model fulfills the Coulomb sum rule [63, 92, 97]. More details about the RGF model can be found
in [48, 63–67, 92–96]
The RGF results can give a satisfactory description of experimental (e, e′) cross sections in the QE region [48, 66].
In particular, the RGF provides a significant asymmetry in the scaling function, in agreement with the general
behavior of electron scattering data that present a significant tail extended to large values of the transferred energy
[98]. Moreover, the RGF results can describe the shape and the magnitude of charged-current QE neutrino-nucleus
scattering MiniBooNE data [70] and of neutral-current elastic neutrino-nucleus MiniBooNE data [69]. Numerical
predictions of the RGF model for the inclusive QE electron scattering on oxygen and calcium isotopic chains can be
found in [48].
In the present calculations the s.p. bound nucleon states are obtained from the relativistic mean-field model
described in Sect. II. The s.p. scattering states are eigenfunctions of the energy-dependent and A−dependent (A
is the mass number) Democratic (DEM) parametrization for the relativistic optical potential (ROP) of [99], that is
obtained through a fit of more than 200 data sets of elastic proton-nucleus scattering data on a wide range of nuclei
which is not limited to doubly closed shell nuclei. The different number of protons along the isotonic chains produces
different optical potentials (see [99] for more details). For the single-nucleon current we have adopted the relativistic
free nucleon expression denoted as CC2 [63, 100].
The cross section of the inclusive QE (e, e′) reaction along the N = 28, 20, and 14 isotonic chains at ε = 1080 MeV
and θ = 32o are shown in Fig. 9. In a first approximation we have neglected FSI and calculations have been performed
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Figure 9. (Color online) Differential RPWIA cross sections for the inclusive QE (e, e′) reaction on isotones with N = 28, 20,
and 14 at ε = 1080 MeV and θ = 32o as functions of the energy transfer ω.
in the RPWIA. In this approach the differences between the results for the various isotones are entirely due to the
differences in the s.p. bound state wave functions of each isotone. While only the charge proton density distribution
contributes to the cross section of elastic electron scattering, the cross section of QE electron scattering is obtained
from the sum of all the integrated exclusive one-nucleon knockout processes, due to the interaction of the probe with
all the individual nucleons, protons and neutrons, of the nucleus and contains information on the dynamics of the
initial nuclear ground state. The main role is played by protons, which give most of the contribution. Increasing the
proton number along each chain, owing to the enhancement of the proton contribution, there is a proportional increase
of the QE cross sections. In contrast, no increase is found in the neutron contribution , which is less significant than
the proton one. We can see in panel (b) of Fig. 9 that, even if the central density of 34Si is reduced (see Fig. 5),
the QE cross sections of 34Si and 36S do not show any significant difference that could be considered as a signal of
“bubble” nuclei.
In Fig. 10 we show the QE (e, e′) cross sections calculated in the RGF model for selected isotones of the N = 28, 20,
and 14 chains in the same kinematics as in Fig. 9. The general trend of the cross sections, their magnitude, and their
evolution with respect to the change of the proton number along each chain are generally similar in RPWIA and RGF.
The RGF results are, however, somewhat larger. The FSI effects in the RGF calculations produce visible distortion
effects: the RGF cross sections are not as symmetrical as the corresponding RPWIA ones and show a tail toward
large values of the energy transferred ω that is related to the description of FSI with a complex energy-dependent
ROP.
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Figure 10. (Color online) Differential RGF cross sections for the inclusive QE (e, e′) reaction on some selected isotones with
N = 28, 20, and 14 at ε = 1080 MeV and θ = 32o as functions of ω.
VI. SUMMARY AND CONCLUSIONS
We have presented and discussed numerical predictions for the cross section and the parity-violating asymmetry
in elastic and quasi-elastic electron scattering on the N = 28, 20, and 14 isotonic chains with the aim to investigate
their evolution with increasing proton number.
The understanding of the properties of nuclei far from the valley of stability is one of the major topic of interest
in modern nuclear physics. Large efforts in this direction have been done over last years and are planned for the
future in different laboratories worldwide. The use of electrons as probe provides a powerful tool to achieve this
goal, owing to the fact that their interaction is well known and relatively weak with respect to the nuclear force and
can therefore more adequately explore the details of inner nuclear structures. As a consequence of this weakness,
the cross sections become very small and more difficult experiments have to be performed. The RIB facilities have
opened the possibility to obtain unprecedented information into nuclear structures not available in nature but which
are important in astrophysics and have a relevant role in the nucleosynthesis. Electron scattering experiments off
exotic nuclei have been proposed in the ELISe experiment at FAIR and in the SCRIT project at RIKEN.
In this work both elastic and inclusive quasi-elastic electron scattering have been considered. The elastic scattering
can give information on the global properties of nuclei and, in particular, on the different behavior of proton and
neutron density distributions. The inclusive quasi-elastic scattering is affected by the dynamical properties and
preferably exploits the single particle aspects of the nucleus. In addition, when combined with the exclusive (e, e′p)
scattering, it is able to explore the evolution of the s.p. model with increasing asymmetry between the number of
neutrons and protons. Many interesting phenomena are predicted in this situation: in particular, the modification of
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the shell model magic numbers. A definite response can be obtained from the comparison with experimental data,
which will discriminate between the different theoretical models, mainly referring to RMF approaches.
The calculations for the present investigation have been carried out within the RMF framework solving the relativis-
tic Hartree-Bogoliubov equations starting from an effective interaction mediated by meson exchange. The calculated
cross sections include both the hadronic and Coulomb final states interactions. The inclusive quasi-elastic scattering
is calculated with the relativistic Green’s function model, which conserves the global particle flux in all the final state
channels, as it is required in an inclusive reaction.
The model has been compared with experimental data of elastic scattering already available on stable isotopes
to check its reliability and subsequently applied to calculate elastic and inclusive quasi-elastic cross sections on the
N = 28, 20, and 14 isotonic chains. The possible disagreement of the experimental findings from the theoretical
predictions will be a clear indication of the insurgence of new phenomena related to the proton to neutron asymmetry.
Our results show that the evolution of some specific observables can be useful to test shell effects related to the
filling of s.p. orbits. The increase of the proton number along each chain essentially produces an enhancement and
an extension of the proton densities. The densities of the proton-rich isotones are significantly extended toward
larger r with respect to those of the proton-deficient ones. Pronounced shell effects are visible in the nuclear interior.
The differential cross sections calculated for elastic electron scattering show that increasing proton number along an
isotonic chain the positions of the diffraction minima generally shift toward smaller scattering angles, corresponding
to lower values of the momentum transfer. The shift is accompanied by a simultaneous increase in the height of the
corresponding maxima of the cross sections. A plot of the evolution of the position of the first minimum for each
isotone in the chain shows a transition between proton-poor and proton-rich isotones. It is not possible to fit the
positions of the first minima with a straight line, but it is possible to draw two straight lines, connecting the minima
of the lighter and heavier isotones, with a different slope. This behavior has been found for all the three isotonic
chains.
The neutron densities decrease in the nuclear interior and correspondingly increase away from the center to preserve
the normalization to the constant number of neutrons. We have calculated the parity-violating asymmetry parameter
as it is directly related to the Fourier transform of the neutron density. The evolution of the position of the first
diffraction minimum of the asymmetry parameter as a function of the neutron-to-proton asymmetry can provide an
alternative source of information on the neutron distribution along each isotonic chain.
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